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Abstract. In this paper we use conformal field theory techniques to constrain the form of
the correlations functions of an inflationary scalar-vector model described by the interaction
term f1(φ)FµνFµν + f2(φ)F˜µνFµν . We use the fact that the conformal group is the relevant
symmetry group acting on super horizon scales in an inflationary de Sitter background. As a
result, we find that super horizon conformal symmetry, constraints the form of the coupling
functions f1, f2 to be homogeneous functions of the same degree. We derive the general form
of the correlators involving scalar and vector perturbations in this model and determine its
squeezed limit scaling behaviour for super horizon scales. The approach followed here is useful
to constraint the shape of scalar-vector correlators, and our results agree with recent literature
on the subject, but don’t allow us to determine amplitude factors of the correlators.
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1 Introduction
It is well known that symmetries impose constraints on the dynamics and on the observables
represented by the correlation functions of a physical system. During inflation, the relevant
symmetry group of the space time is the de Sitter group, so, we expect that this group gives
us hints about the structure of the correlation functions of the different fields present during
the inflationary epoch [1–5]. Over the years, several studies had explored the roll of the
de Sitter group during inflation [1–10]. A crucial point in this study is the fact that, for
super horizon scales, the de Sitter symmetry group approaches the behavior of the conformal
group in one dimension below, this is, the de Sitter group acting on four dimensional de
Sitter space, acts as the conformal group in the euclidean three dimensional space. This
– 1 –
fact has been used to characterize the corelators of primordial inflationary perturbations
[3, 6–10]. In particular, when the primordial perturbations are sourced by light fields other
than the inflaton, the super horizon perturbations become conformally invariant and then,
their correlation functions are constrained by this symmetry, allowing us to fix the shape of
the inflationary correlators [1, 3, 4, 6–9] (other, related uses of symmetry arguments in this
context can be found in e.g. [11–13]). It has also been shown that this reasoning hold even
when perturbations are coming from vector fields [10]. Likewise, this tool has been used to
establish a set of consistency relations that involve the correlations functions of matter in the
process of large scales structure formation of the universe [14–16].
On the other hand, observational data shows us that there are some evidences that
support the existence of small departures from the standard cosmological scenario, i.e. the
cosmological perturbations exhibit tiny departures from scale invariance, gaussianity, isotropy
and homogeneity among other deviations [17, 18]. This observational evidence is usually
gathered in a set of observational signatures that are called cosmic anomalies [17–19] (see for
example Ref [19] for a description of each one). Although this anomalies could be due to some
sort of statistical fluke, a minimal signal of their existence force us to modify the simplest
models, usually builded with scalar fields. A natural option of the above modifications, is to
include vector fields in the inflationary dynamics, because they naturally could be responsible
of several interesting possibilities such as breaking of statistical isotropy, parity violating
patterns, the origin of primordial magnetic fields, or even support an inflationary period,
among others1 (see for instance [27–29] and references therein). These new features are usually
confronted with observations because they can become in an interesting discriminating tests
of the proposed models [23, 24, 30, 31].
Some inflationary models consider a coupled scalar-vector system, where the scalar field
is responsible for the inflationary expansion, and the vector fields can contribute to the pri-
mordial curvature perturbation and, at the same time, could explain some of the inflationary
anomalies [27–29]. In this paper we follow the approach proposed in Ref. [10] to study the
conformal symmetry constraints of the coupled scalar-vector model f(φ)F 2 [29, 32–37]. We
extend the symmetry analysis in [10] to the model with a coupling term of the form
f1(φ)F
µνFµν + f2(φ)F
µνF˜µν , (1.1)
which explicitly introduces parity violation on the action. We find that this model respects
three dimensional conformal invariance on super horizon scales only when the coupling func-
tions are proportional f2 = γf12. In this case we calculate the conformal weight of the fields
in the asymptotic future of de Sitter space, which allows us to characterize the correlators of
the conformal field theory at the boundary which we identify with the super horizon scales
regime. Our main goal is to determine the form of the two and three point correlation func-
tions on this model and see what new features raise by breaking rotational invariance and
parity symmetry [38–40].
The paper is organized as follows, in section 2 we briefly review the basics of de Sitter
symmetry group and its realisation as the conformal group in three dimensional euclidean
space. In section 3 we describe the dynamics of the system and analyse its asymptotic super
1It is well know that models where vector fields support the inflationary expansion are usually ruled out
due to stability problems or observational constraints (see for instance [20–24]). However, in some cases, these
problems can be solved by introducing non canonical kinetic couplings [25, 26].
2This result is a consequence of the exact conformal symmetry, therefore it is only valid in pure de Sitter
space-time.
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horizon behaviour. Later, in section 4 we calculate the most general form of the correlation
functions in the super horizon limit that are allowed by conformal symmetries. We end in
section 5 with the discussion of our results.
2 Asymptotic symmetries of de Sitter space
2.1 Isometries of the de Sitter spacetime
In 4D conformal planar coordinates, the line element of de Sitter spacetime is written as
ds2 = a(τ)2
(−dτ2 + d~x2) = 1
(−Hτ)2
(−dτ2 + d~x2) , (2.1)
where a is the scale factor, H is the Hubble parameter and τ is the conformal time. In this
coordinate system it is easy to see that the line element (2.1) is invariant under the following
transformations (isometries of the de Sitter metric):
i) Spacial translations and rotations on τ = constant slicings:
x′i = ai +Rijxj . (2.2)
ii) Spacetime dilatation:
x′µ = λxµ →

x′i = λxi,
τ ′ = λτ .
(2.3)
iii) Special conformal transformations (SCT):
x′µ =
xµ + bµx2
1 + 2~b · ~x+ b2x2
→

x′i =
xi+bi(−τ2+~x2)
1+2~b·~x+b2(−τ2+~x2) ,
τ ′ = τ
1+2~b·~x+b2(−τ2+~x2) .
(2.4)
In the above expressions ai is a 3-dimensional constant vector, Rij is an O(3) rotation matrix
satisfying RikRkj = δ
j
i
3, λ is a constant factor, bµ = (0, bi) is a three dimensional vector
which generates the transformation and ηµν is the Minkowski metric. We use the notation
x2 = ηµνx
µxν , ηµν = diag(−1, 1, 1, 1), ~x2 = δijxixj and ~x · ~b = δijbixj . Together, the
transformations (2.2)-(2.4) form a set of ten symmetry generators, which is what we expect
from a maximally symmetric four dimensional spacetime.
2.2 Conformal group basics and relation with de Sitter group symmetries
In an Euclidean space, the conformal group is defined as the group of transformations that
leave invariant the metric up to a factor, this is,
gµν(x)→ g′µν(x′) = Ω2(x)gµν(x), (2.5)
where Ω(x) is an arbitrary function of the coordinates. It is easy to see that the transfor-
mations (2.2)-(2.4) act as conformal transformations on R3 for |τ |  |~x| with the euclidean
3Notice that the O(3) group is consistent with the presence of inversions ~x→ −~x which are allowed since
the term FF˜ allows for symmetry under inversions.
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metric gij = δij . According with (2.5), the corresponding conformal factor Ω2 for the trans-
formations are:
x′i = ai +Rijxj → Ω2 = 1, (2.6)
x′i = λxi → Ω2 = λ−2, (2.7)
x′i =
xi + bi~x
2
1 + 2~b · ~x+ b2 (~x2)
→ Ω2 = (1 + 2~b · ~x+ b2~x2)2. (2.8)
So, we see that in the asymptotic region −Hτ → 0, the de Sitter group SO(4, 1) is isomorphic
to the conformal group in three dimensional euclidean space. In other words, the symmetries
(2.6)-(2.8) are the asymptotic symmetry group of the boundary region of de Sitter space. In
the context of inflation, the asymptotic region correspond to the super Hubble scales where
the primordial perturbations become classical to later evolve according to the gravitational
instability [41]. The main idea is that, for perturbations with scales well outside of the horizon,
with −kτ → 0, the form of the correlators can be fixed by conformal invariance [1, 4, 7–10].
Finally, we recall that a conformal tensor field Ti1...ir(x) is defined in such a way that, under
conformal transformations, transforms as:
Ti1...ir(x)→ T ′i1...ir(x′) =
∣∣∣∣det(∂x′l∂xk
)∣∣∣∣
r−∆T
d ∂xj1
∂x′i1
...
∂xjr
∂x′ir
Tj1...jr(x) , (2.9)
where r is the rank of the tensor, d is the space dimension and ∆T is the conformal weight
or conformal dimension of the field. By using this transformation, we can find the conformal
weight ∆T of the fields involved in the theory, which are the necessary elements to describe
the structure and scaling of the correlators of the theory. For a detailed review of the basics
about conformal field theory see [42].
3 A parity violating scalar-vector inflationary model
As said before, we are interested in inflationary models which include vector fields as a source
for statistical deviations from isotropy and parity symmetry. We consider a scenario with a
scalar field driving the inflationary expansion, and a vector field, which is partly responsible
fro the generation of the primordial curvature perturbation and is a source of statistical
anisotropies. Several models of this type has been studied in the literature [32, 35, 37, 38, 40,
43–56]. The interest for those models has been diverse and it has evolved over the years. It is
worthwhile to mention the Ratra model [32], which has a rich and interesting phenomenology
in the context of primordial magnetogenesis scenario [36, 57–60] and later used as a source
of sizable statistical anisotropies which doesn’t dilute with the inflationary evolution [29, 33–
35, 37]. Aside of this, there is a rich literature about models whit an axion/pseudoscalar
coupling of the form φFF˜ which allows for interesting phenomenology and source of non-
vacuum gravitational waves, chiral gravitational waves, large tensor non-gaussianities among
other interesting effects [38, 47, 49, 52, 55]. In this paper we consider a mixture of this two
scenarios which can be encompassed in the following model:
S =
∫
d4x
√−g
[
M2pl
2
R− 1
2
∂µφ∂
µφ− V (φ)− 1
4
f1(φ)F
µνFµν − 1
4
f2(φ)F
µνF˜µν
]
(3.1)
where f1 and f2 are functions which depend only of the scalar field and F˜µν is the Hodge dual
of the field strength Fµν which is defined by F˜µν = 12√−gεµναβF
αβ . This model incorporate
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the features of the Ratra model f1(φ)FµνFµν with all the phenomenology carried with the
pseudoscalar term f2(φ)FµνF˜µν . The interaction term
SφA = −1
4
∫
d4x
√−g
[
f1(φ)F
µνFµν + f2(φ)F˜
µνFµν
]
, (3.2)
is responsible for the introduction of non diluting anisotropies and for sourcing parity violating
signatures on the CMB correlators. Although this term represent a non-renormalizable, non-
canonical interacting kinetic term between the scalar and vector fields, it has been seen that
this terms represent a model which is stable, in the sense that the Hamiltonian of the theory is
bounded by below when f1 is positive and the theory is causal, since the equations of motion
are hyperbolic [61]. Further generalizations could introduce multiple scalar and vector fields
but all the main features can be captured in this single scalar-vector interaction.
3.1 Equations of motion and asymptotic behavior
Now we focus on the dynamics of the fields propagating on de Sitter space. Before study the
vector field model, let us recall some basics about the single massive scalar field on de Sitter.
The action for this case reads
Sφ = −1
2
∫
d4x
√−g (∇µφ∇µφ+m2φ2) , (3.3)
where m is the mass of the field. In the coordinates (2.1), the equation of motion becomes
φ′′ − 2
τ
φ′ −∇2φ+ m
2φ
H2τ2
= 0, (3.4)
and its asymptotic future solution (−Hτ → 0) is (see e.g. [62]):
φ(~x, τ) ≈ C+τh+σ+(~x) + C−τh−σ−(~x), (3.5)
where
h± =
3
2
(
1±
√
1− 4m
2
9H2
)
. (3.6)
The dominant solution for late times is the second one, so we can write:
φ(~x, τ) ≈ τh−σ−(~x). (3.7)
As seen in [10], by imposing conformal invariance over σ−(~x), and using (2.9) for any conformal
transformation, say, for dilatations, we deduce that the field σ has conformal weight
∆σ = h− =
3
2
(
1−
√
1− 4m
2
9H2
)
. (3.8)
In general, if slow roll inflation is assumed, it can be show that a scalar field perturbation
propagating in a nearly de Sitter space has a conformal weight of the form ∆δφ ∼ O(, η),
where  and η are the standard slow roll parameters (see e.g. [62]).
Now, we begin to study the model given by the action (3.2). In the context that we frame
our discussion, the scalar field could be either the inflaton or an auxiliary field present during
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inflation4. The vector field is an auxiliary subdominant field which affects the primordial
curvature perturbation and can leave an imprint on the inflationary evolution. The scalar
affect the evolution of the vector field through the coupling functions fi(φ). The equations of
motion for the vector field derived from the action (3.2) are:
∇µ
(
f1(φ)F
µν + f2(φ)F˜
µν
)
= 0 (3.9)
which is complemented with the (non dynamical) Bianchi identity ∇µF˜µν = 0. We also
assume that the inflationary dynamics homogenise the scalar perturbations, and then, we can
approximate the scalar field as a time dependent function, this is ∂iφ = 0. Accordingly, this
implies that on the solutions of the inflationary scalar field f1(φ) = f1(φ(τ)) and f2(φ) =
f2(φ(τ)), then ∂if1 = ∂if2 = 0. Finally, we use the gauge symmetry of the action to impose
the Coulomb gauge, this is, we set: A0 = 0 and ∂iAi = 0. With this choice, the equation of
motion (3.9) reduces to:(
∂2
∂τ2
−∇2 + 1
f1
∂f1
∂τ
∂
∂τ
+
1
f1
∂f2
∂τ
∇×
)
~A(τ, ~x) = 0. (3.10)
So far, aside of the restriction imposed by stability f1 > 0, we don’t have any further restriction
over the form of the coupling function f2. Now, we make a further assumption in order
to respect conformal invariance on the asymptotic region. Let’s assume that the coupling
functions are homogeneous functions of time, this is f1(λτ) = λnf1(τ), f2(λτ) = λmf2(τ).
Then, applying the dilatation τ ′ = λτ and ~x′ = λ~x to (3.10) we obtain(
∂2
∂τ2
−∇2 + 1
f1(τ)
∂f1(τ)
∂τ
∂
∂τ
+ λm−n
1
f1(τ)
∂f2(τ)
∂τ
∇×
)
~A(τ, ~x) = 0. (3.11)
In this way we see that a necessary condition for getting scale invariance is that the coupling
functions are homogeneous and of the same order n = m [56]. This is achieved if the couplings
are power law functions proportional to each other. In this case, it is possible to see that
symmetry under inversions xµ → xµ/~x2, which imply invariance under special conformal
transformations, is also guaranteed, see Appendix A. Then, renaming f1 = f and n = −2α
because, as we say before, f must be positive due to hamiltonian stability, we get:
f2(τ) = γf(τ) with f(τ) ∝ (−Hτ)−2α, (3.12)
where we have restored the Hubble constant for dimensional analysis. In order to avoid strong
coupling at super horizon evolution, in the following we assume that α < 0. Now, defining
the normalized canonical field wi as wi ≡
√
fAi, the equation of motion (3.10) becomes(
∂2
∂τ2
−∇2 − α(α+ 1)
τ2
− 2αγ
τ
∇×
)
~w(τ, ~x) = 0. (3.13)
Going to momentum space, choosing propagation along the x-axis ~k = (k, 0, 0) and defining
transverse polarizations as w± = (wy ± iwz)/
√
2 , we obtain(
∂2
∂τ2
+ k2 − α(α+ 1)
τ2
+ σ
2ξk
τ
)
w˜σ(τ,~k) = 0, (3.14)
4In the particular case in which the scalar is an auxiliary field, other than the inflation, it need to be a
light field, i.e. m H.
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where σ = ±1 denote the helicity of the mode. Then, the system is quantized by expanding
in terms of the mode solutions w˜σ as
~w(τ, ~x) =
∑
σ=±
∫
d3k
(2pi)3/2
[
iσ(
~k)w˜σ(τ,~k)aˆσ(~k)e
i~k·~x + c.c
]
(3.15)
where the transverse polarization vectors are defined in such a way that:
~σ(~k) · ~k = 0, ~k × ~σ = −iσ|~k|~σ, ~σ · ~σ′ = δσ,−σ′ , ~ ∗σ (kˆ) = ~−σ(kˆ) = ~σ(−kˆ). (3.16)
Following the notation in [38, 63], ξ = −αγ is the parameter which determines the relative
strength of the parity violation effects and, without loosing generality we choose γ to be
positive.5 Reference [38] study in detail the features of this model and describe analytically
its asymptotic behavior, here, we recall some basics about the solutions of this system. The
equation (3.14) can be solved analytically in terms of irregular G and irregular F Coulomb
functions:
w˜σ(τ,~k) = C
σ
1 (k)G−α−1(σξ,−kτ) + Cσ2 (k)F−α−1(σξ,−kτ). (3.17)
(Alternatively, we can useWhittaker functionsMα+1/2(−iσξ, 2ikτ),Wα+1/2(−iσξ, 2ikτ) func-
tions to solve (3.14) with the imaginary argument z = 2ikτ but the limiting form of Coulomb
functions is better described in tables of mathematical functions, and is directly expressed
in the real argument x = −kτ . See for instance chapter 14 of [64] and section 33 of [65].)
The asymptotic behavior of the Coulomb function can be found in expressions (14.1.7) and
(14.6.7) of [64] and (33.10.3) and (33.10.7) of [65]. Using those expressions we find that for
scales with ξ  |kτ | and ξ  16, the solution of (3.14) with positive helicity σ = +1, is
approached by Bessel K and Bessel I functions
w˜+(τ,~k) ≈
√
−2ξkτ
[
C+1 (k)
2(ξ)−α−1
|Γ(−α+ iξ)|e
piξ
2 K−(1+2α)
(√
−8ξkτ
)
+C+2 (k)
|Γ(−α+ iξ)|
2(ξ)−α
e−
piξ
2 I−(1+2α)
(√
−8ξkτ
)]
≈ 2(ξ)
−α−1C+1 (k)
|Γ(−α+ iξ)|
√
−2ξkτepiξ2 K−(1+2α)
(√
−8ξkτ
)
, (3.18)
whereas the solution with negative helicity σ = −1 is approached by Bessel Y and Bessel J
functions
w˜−(τ,~k) ≈
√
−2ξkτ
[
C−1 (k)
(−pi)(ξ)−α−1
|Γ(−α− iξ)| e
−piξ
2 Y−(1+2α)
(√
−8ξkτ
)
+C−2 (k)
|Γ(−α− iξ)|
2(ξ)−α
e
piξ
2 J−(1+2α)
(√
−8ξkτ
)]
≈ (−pi)(ξ)
−α−1C−1 (k)
|Γ(−α− iξ)|
√
−2ξkτe−piξ2 Y−(1+2α)
(√
−8ξkτ
)
. (3.19)
The expressions above show the different behavior of the solutions of (3.14) for the different
helicities σ. According with (3.18) and (3.19), the σ = +1 mode is enhanced by the expo-
nential factor e
piξ
2 [38, 63], while the σ = −1 mode is suppressed by the factor e−piξ2 . This
5 The choice of the sign of γ determines which one of the two helicities is the growing one. If γ > 0 the
increasing mode is denoted with a subscript “+” and, if γ < 0 the growing will be denoted with a “−”.
6This is the regime in which the term 2ξk
τ
dominates over the term k2 in Eq. (3.14). We neglect k2 but
we keep 2ξk
τ
since ξ  1.
– 7 –
different behavior of the modes is a feature linked to the intrinsic parity violating nature
of the system due to the presence of the term f2FF˜ in (3.2), in other words, the different
behavior of the mode solutions reflects the presence of the term f2FF˜ . Moreover, using the
asymptotic form of Bessel functions, it is straightforward to see that going to super horizon
scales, when |8ξkτ |  1, the dominant terms of the solution goes like
w˜σ(τ,~k) ≈ u˜σ(k)(−ξHτ)α+1 + v˜σ(k)(−ξHτ)−α, (3.20)
where we have restored H and absorbed further dependence of k, ξ, α in the u˜ and v˜ functions.
At this point we go back to coordinates space obtaining the asymptotic form:
wσ(τ, ~x) ≈ uσ(~x)(−ξHτ)α+1 + vσ(~x)(−ξHτ)−α. (3.21)
We have separated the time and space coordinates for super horizon scales, and now, we can
define a conformal boundary field in this case. We can see that the dominant term depends
on the value of the exponent α. If α < −1/2 the term vσ dominates, while, if α > −1/2 the
term uσ is the one that dominates. If α > −1/2 we demand that
lim
|τ |→0
wσ(τ, ~x) = τ
−αvσ(~x), (3.22)
while, if α < −1/2 we take the boundary condition
lim
|τ |→0
wσ(τ, ~x) = τ
α+1uσ(~x). (3.23)
Now, we can calculate the conformal weight of those boundary fields by consider the dilatation
transformation, the inversion is entirely analogous [56]. We see that the four dimensional
canonical field wσ transforms under four dimensional dilatations τ ′ = λτ , x′ = λx, x′σ = λxσ
as a four dimensional vector:
w′σ =
∂xσ
∂x′σ
wσ = λ
−∆wwσ = λ−1wσ . (3.24)
Applying dilatation over (3.22) we have:
w′σ = (τ
′)−αv′σ(~x
′) = λ−α(τ)−αv′σ(~x
′) = λ−1wσ = λ−1(τ)−αvσ(~x) , (3.25)
which implies
v′σ(~x
′) = λα−1vσ(~x) , (3.26)
and comparing with (2.9) with r = 1 and d = 3 we conclude that the three dimensional
boundary field vσ behave as a conformal field of weight:
∆v = 1− α. (3.27)
Following the same steps we find that the boundary field (3.23) transforms as a conformal
field of weight
∆u = α+ 2. (3.28)
To summarise, we have obtained that the interacting system (3.2) admit a conformal field
theory representation at super horizon scales through the boundary vector fields uσ, vσ. Those
fields are the same that the ones found in [10] for the parity conserving case. This fact can be
– 8 –
better understood if we take the strong limit ξkτ → 0. In this limit, the ξ parameter (intro-
duced by the f2 term) enter as a multiplicative factor and can be absorbed as a redefinition
of the fields. Then, the results here, extend the asymptotic symmetries analysis from [10] to
the model (3.2) with the parity violating term f2 = γf , this is
SφA = −1
4
∫
d4x
√−gf(φ)
[
FµνFµν + γF˜
µνFµν
]
. (3.29)
This model was studied in detail in [38] (and more recently in [39]) in the context of infla-
tionary magnetogenesis and also in [48] where there is a comprehensive discussion of particle
creation with this coupling. Naively, we could think that both cases, the parity conserving
and the parity violating cases have the same conformal boundary field associated and that
the statistical features of both theories, given by the correlation functions, are the same.
Nevertheless, there is a crucial difference implied by the fact that the super horizon boundary
symmetry group allow the spacial reflection ~x′ = −~x as an element of the symmetry group.
This fact is also reflected in the super horizon evolution of the solutions to the equations of
motion as can be seen from the equation (3.14). In next section we will discuss the structure
of the correlation functions.
3.2 Perturbative expansion
Now, we discuss the structure of the interaction terms (3.2) which is necessary to develop a
perturbative analysis of the theory. As we are considering that the scalar field is the inflaton
field, we have that in the spatially flat gauge, the variation of the scalar field is proportional
to the primordial curvature perturbation: δφ = −φ′H ζ. The variation of the vector part of
(3.29) give rise to terms of the form 〈Fµν〉 + δFµν . It is convenient to study this system in
terms of the “electric" and “magnetic" components of the vector field defined as:
Ei = −
√
f
a2
∂τAi, and Bi =
√
f
a2
ijk∂jAk, (3.30)
where we normalized the fields absorbing the kinetic function f . Here, it is important to
mention that the presence of a non-zero v.e.v for a vector field, introduce an explicit violation
of isotropy, which, in principle, is inconsistent with the isotropic de Sitter spacetime. This
inconsistency can be solved, if, for example, we work in a Bianchi background but then the
formalism presented here does not work. This issue has been addressed at the literature
[35, 66, 67], and it was shown that the anisotropy in the background coming from a vector
field is negligible compared with the statistical anisotropies in the correlation functions. For
instance, for the two point correlation function, the amount of statistical anisotropy gζ , due
to E(0)i , is order gζ ∼ O(10−1) where gζ is the appropriate parameter to quantify departures
from statistical isotropy for a quadrupole form of the power spectrum Pζ = P 0ζ (1+gζ(nˆ · kˆ)2),
whereas, the background anisotropy, which is characterized by the anisotropy parameter Σ/H,
is order Σ/H ∼ O(10−7) [35, 66, 67]. This results allows us to study the anisotropic signs
on the correlators sourced by E(0)i which can lead to observable signs, in a safe way, in an
isotropic de Sitter background since departures from background isotropy are negligible.
In terms of the electric and magnetic components, the Lagrangian of the vector part is
LφA = −1
2
( ~B2 − ~E2) + γ ~E · ~B. (3.31)
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Expanding, we get the interaction Lagrangian
δLφA = a4 f
′(φ0)
f(φ0)
φ′
Hζ
[
− ~E0 · δ ~E − 1
2
δ ~E · δ ~E + 1
2
δ ~B · δ ~B − γ( ~E0 · δ ~B + δ ~B · δ ~E)
]
, (3.32)
where we used that the zero mode (the homogeneous part) of the magnetic field is null. The
relative size of the vector perturbations depends of the post horizon evolution. As we saw
in equation (3.21), the super horizon evolution depends of the exponent α. For instance for
α < −1/2 the electric component is dominant and the magnetic field can be safely neglected.
On the other hand, for α > −1/2 the magnetic component is dominant and the electric field
is neglected at super horizon evolution. Then, we relate the electric component with uσ and
the magnetic component with the vσ boundary field.
The interaction term f(φ)(F 2 + γF˜F ) has been discussed in detail in Ref. [40]. As we said
before, considering the electric component of the vector field, the leading order terms of the
interaction hamiltonian coincide with the one of the fF 2 model, this is:
H1 = 4a4E(0)i
∫
d3k
[
δEi(~k, τ) + γδBi(~k, τ)
]
ζ−~k, (3.33)
H2 = 2a4
∫
d3kd3p
[
δEi(~k)δEi(~p)− δBi(~k)δBi(~p) + 2γδBi(~k)δEi(~p)
]
ζ−(~k+~p). (3.34)
This interaction hamiltonian is the key element for the calculation of the evolution of the
correlations of the field on this model. Via the “in-in" formalism we can construct the time
evolution of the correlations with the hamiltonians H1 and H2. Nevertheless, we are going to
follow a different approach in this paper, since we are mainly interested in the super horizon
behavior of the correlations, then, we only invoke the asymptotic conformal symmetry group
at super horizon scales to derive the structure of the correlations. For our purposes here, it
is important to notice that the structure of the vertices derived from the interaction hamil-
tonian determine the form of the correlators, all the correlators are written as combinations
and contractions of the terms present in (3.33)-(3.34) and the form of this combinations is
constrained and shaped by conformal symmetries.
Models including a coupling of the type f(φ)F˜F has been studied recently with some interest.
In particular, the pseudoscalar coupling φF˜F has very similar features to the ones discussed
in this paper, it is a model that breaks invariance under rotation and parity transformations
[51, 68]. Its relevance, in the context of inflationary physics, has been a matter of interest and
debate, in particular, this model offer a mechanism to enhance the production of gravitational
waves during the inflationary period (see for instance Ref. [55]). Some criticism on this model
have raised due to the validity of its perturbative expansion and about the consistency of this
mechanism to produce sizable primordial gravitational waves without contradict current ob-
servational limits [69, 70]. Nevertheless, by using the perturbative approach, it was shown
that the model have an available parameter window, that is in agreement with the current
observational constraints [55, 71].
4 The structure of the correlation functions
As we said, we are interested in the structure of the correlation functions for super horizon
scales in the model (3.29). For this scales, we exploit the asymptotic conformal symmetry of
de Sitter space to derive constraints over the form of the correlation functions at this regime.
We follow the method presented in [10] to calculate the correlations among scalars and vector
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fields in the f(φ)F 2 using standard conformal field theory techniques and Ward identities for
the conformal group. We extend this analysis to the model f(φ)(F 2 + γF˜F ) and discuss the
effect of the inclusion of the parity violation term in the structure of the correlation functions.
4.1 The Ward identities
Here, we briefly discuss the Ward identities. Ward identities are the principle that express the
invariance under symmetry transformations, which, in our case, are transformations belonging
to the conformal group. First of all, we implement translational and rotational invariance
which are straightforward and their implication on the form of the correlators is rather simple
to understand. Due to translation invariance, the correlators respect momentum conservation,
so, all them are written in momentum space like
〈φ(~k1)φ(~k2) · · ·φ(~kn)〉 = F (~k1,~k2, · · ·~kn)δ(~k12···n). (4.1)
where ~k12···n ≡ ~k1+· · ·+~kn. Given that we include the pseudo-scalar coupling f(φ)FF˜ we also
allow for the inversion transformation ~x→ −~x, then, we allow also for transformations with
negative determinant det(R) = −1, so, the correlators that involve vector fields, transform
respecting the O(3) symmetry group (in the vector indices). For instance, if there are two
vectors in the correlator, Vi, Vj , we have:
〈Vi(~k1)Vj(~k2)〉 = G(k1)
(
a(k1)δij + b(k1)kˆ1ikˆ1j + c(k1)ijlkˆ1l
)
δ(~k12), (4.2)
and so on. The remaining part of the conformal group, are the dilatations and the SCT. They
impose different, complementary restrictions on the form of the correlators. A beautiful and
detailed presentation of the role of conformal transformations in the context of inflationary
physics can be found in [3] and further discussion and details of the role of conformal invariance
in momentum space in a more general context can be found in [4, 5, 72]. Here we restrict
ourselves to recall the very basics of the subject.
4.1.1 Dilatations
In the following, we are only interested in the correlations among scalar and vector perturba-
tions but the procedure for higher order rank tensor perturbations is similar. According with
(2.9), the transformation rule for those perturbations are, respectively:
σ′(~x′) =
∣∣∣∣ ∂x′l∂xm
∣∣∣∣−
∆σ
d
σ(~x′) and v′i(~x
′) =
∣∣∣∣ ∂x′l∂xm
∣∣∣∣
1−∆v
d ∂xj
∂x′i
vj(~x). (4.3)
The Ward identity for dilatations is obtained by using the infinitesimal transformation
x′i = xi + δλxi = xi + λxi, (4.4)
and the infinitesimal transformation for the fields
δλvi(~x) = v
′
i(~x)− vi(~x) ' −λ(∆v + xk∂k)vi(~x). (4.5)
As an example, let’s consider the two point correlation function for two vector perturbations.
In momentum space, dilatation imply that the correlator transforms as
δλ〈vi(~k1)vj(~k2)〉′ = −λ
[
−3 +
2∑
a=1
(
∆v − ~ka · ∂
∂~ka
)]
〈vi(~k1)vj(~k2)〉′, (4.6)
– 11 –
where the notation 〈〉′ means that the Dirac’s δ function is factored out. Some details of this
calculation can be found in appendix B. Then, invariance under dilatations implies the Ward
identity for the two point correlator between vector perturbations:[
−3 +
2∑
a=1
(
∆v − ~ka · ∂
∂~ka
)]
〈vi(~k1)vj(~k2)〉′ = 0. (4.7)
In general for N−point correlators involving scalars and vectors we can write:[
−3(N − 1) +
N∑
a=1
(
∆a − ~ka · ∂
∂~ka
)]
〈σ(~k1) · · ·σ(~ks)vi(~ks+1) · · · vj(~kN )〉′ = 0. (4.8)
where ∆a is the conformal weight of the corresponding scalar or vector perturbation.
4.1.2 Special conformal transformation
Now, we study constraints over scalar-vector correlators in momentum space imposed by SCT.
Further details of the derivation can be found in Appendix B. Infinitesimal SCT are written
as
x′i = xi + δ~bx
i = xi + bi~x2 − 2xi~x ·~b, (4.9)
which, generate the transformation of the conformal field
δ~bvi(~x) '
[(
2∆v(~b · ~x) + ~x2(~b · ~∂)− 2(~b · ~x)(~x · ~∂)
)
δji − 2(xjbi − bjxi)
]
vj(~x). (4.10)
Going to Fourier space, we can derive the transformation law for N -point correlation func-
tions.This procedure involves several integration by parts and a careful manipulation of the
terms involving the Dirac’s delta function. Using the results of Appendix B we derive the
Ward identity for SCT[
N∑
a=1
2(∆a − 3)∂kia +Dia
]
〈σ(~k1) · · ·σ(~ks)vi1(~ks+1) · · · viN (~kN )〉′
−2
N∑
p=s+1
Σijp ip〈σ(~k1) · · ·σ(~ks)vi1(~ks+1) · · · vjp(~kp) · · · viN (~kN )〉′ = 0, (4.11a)
where
Dia = k
i
a∂
2
ka − 2(~ka · ~∂ka)∂kia and Σijp ip = δijp∂kipp − δ
i
ip∂kjpp
. (4.12)
It is worth to notice that in this case, the term on the second line of the Ward identity acts
only over vector indices. In general, for higher rank tensor perturbations (higher spin fields),
the transformation rule include this terms with the corresponding transformation matrix Σ.
As an example, let’s take a two point correlator involving two vector fields:[
2∑
a=1
2(∆a − 3)∂kia + kia∂2ka − 2(~ka · ~∂ka)∂kia
]
〈vi1(~k1)vi2(~k2)〉′ (4.13)
−2Σili1〈vl(~k1)vi2(~k2)〉′− 2Σili2〈vi1(~k1)vl(~k2)〉′ = 0.
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4.2 Two point function
Now we use the Ward identities to put constraints on the shape of the correlation functions.
First, we consider the two point correlation function. In our case, we can consider three
types of correlators: scalar-scalar, scalar-vector and vector-vector, but here we neglect the
scalar-vector correlator, since we suppose that both fields are not correlated at the time of
horizon crossing. The scalar-scalar correlator is
〈δφ(~k1)δφ(~k2)〉 = Pδφ(~k1)δ(~k12), (4.14)
and after applying (4.8) for two scalar perturbations, we have:[
−3 + 2∆φ − ~k · ∂
∂~k
]
〈δφ(~k)δφ(−~k)〉 = 0.
Solving the above equation we get [1, 2, 56]:
Pδφ(k) = Ak
−3+2∆δφ , (4.15)
where ∆δφ is the conformal weight of the scalar field in the asymptotic super horizon region.
We can see that this result is consistent with the scale dependence of the perturbations (3.7),
but this time is consequence of assuming conformal invariance. No further restrictions over
this function are found when we apply the invariance under SCT.
For the vector perturbations, the power spectrum can be written as
〈δAi(~k1)δAj(~k2)〉 = Pij(~k)δ(~k12), (4.16)
where Pij is invariant under the O(3) group (in the vector indices). Then, taking into account
the momentum conservation ~k1 +~k2 = 0, the most general O(3) invariant two-point function
that we can have in momentum space is:
〈δAi(~k)δAj(−~k)〉 ≡ Pij(~k) = P (k)(δij + b1(k)kˆikˆj + b2(k)ijakˆa). (4.17)
where b1(k) and b2(k) are scale dependent functions to be determined. The power spectrum
is real, so, taking into account that A†i (~k) = Ai(−~k), by imposing the reality condition
Pij(~k)
† = Pji(~k):
〈Ai(~k)Aj(−~k)〉† = 〈A†i (~k)A†j(−~k)〉 = 〈Ai(−~k)Aj(~k)〉 = 〈Aj(~k)Ai(−~k)〉
we get
b2(k)jiakˆa = −b2(k)ijakˆa = b†2(k)ijakˆa
which implies that b†2(k) = −b2(k), so, b2 is an imaginary function which we can write as
b2(k) = ib(k) where b(k) is a real function. On the other hand, by using gauge symmetry and
choosing the gauge A0 = 0 and ∇iAi = 0, which, in momentum space implies that kiAi = 0,
we get b1 = −1. With this, we can write the two-point vector correlator as:
Pab(~k) ≡ ΠabP (k) ≡ [∆ab + ib(k)abckˆc]P (k). (4.18)
with
∆ab ≡ δab − kˆakˆb. (4.19)
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Several properties and identities involving Πab and ∆ab can be found in appendix C. Those
properties are useful to evaluate the Ward identities in momentum space. For scaling invari-
ance, the equation (4.8) reads:
Πij(−3 + 2∆v − ~k · ∂~k)P (k)− iijkkˆkP (k)~k · ∂~kb(k) = 0. (4.20)
This leads to a system of two decoupled equations:
(−3 + 2∆v − ~k · ∂~k)P (k) = 0, ~k · ∂~kb(k) = 0, (4.21)
with solutions:
P (k) =
A
k3−2∆v
, b(k) = β, (4.22)
With A and β constants. With this result, we can rewrite the spectrum as:
Pab(~k) = Ak
p[∆ab + iβabckˆc], with p = 2∆v − 3. (4.23)
It is possible verify that this solution is consistent with invariance under SCT. To do that,
we need the first two derivatives of the spectrum, the details can be seen in the appendix C.
Using the results (C.4) to (C.8) in this appendix, we can get the necessary combination of
derivatives in the Ward identity (4.13) for the SCT:
2(∆v − 3)∂iPlm + ki∇2Plm − 2~k · ∇∂iPlm (4.24)
= Akp−1
[
−2kˆi∆lm + (p+ 1)(∆ilkˆm + ∆imkˆl) + 4kˆikˆlkˆm
]
+ iβkp−1mlc
[
(p+ 1)δic + (1− p)kˆikˆc
]
.
where we have used p = 2∆v − 3 and we have separated the symmetric and antisymmetric
parts. We notice that this term appears twice since the calculation of the Fourier trans-
form give us two equal terms, one for each momentum ~k1 and ~k2. On the other hand, the
combination of first derivatives in the second part of the Ward identity gives:
2 (δni∂lPnm − δil∂nPnm + δni∂mPln − δim∂nPln) (4.25)
= 2A
kp
k
[
−2kˆi∆lm + (p+ 1)(kˆl∆im + kˆm∆li) + 4kˆikˆlkˆm
]
+ i2β
kp
k
[
mci(δlc + (p− 1)kˆlkˆc) + cli(δmc + (p− 1)kˆmkˆc)
]
where we have used (C.4), (C.6) and we separate the symmetric and the antisymmetric
parts. Comparing with (4.24) we see that the symmetric parts cancels exactly. To see that
the antisymmetric part cancels as well, we use the identity (C.19) on appendix C.3. To
summarize, by using the conformal symmetry for the two point correlator, we obtain (4.23)
which gives us the structure and the scale dependence of the correlation function up to some
constants, the amplitude A and the factor β in the antisymmetric part.
The factors A and β can’t be determined by symmetry arguments but, we can say something
about them by analysing the asymptotic behavior of the solutions. For instance, it has been
shown, that the β coefficient can be fixed by noticing that in the super horizon regime, the
polarization (+) is exponentially amplifying and therefore is the dominant contribution of
the vector perturbations, which is a sign of parity violation [38, 63]. Then, the product
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〈δAa(~k)δAb(−~k)〉 matches in the asymptotic limit with the contribution coming from the
polarization (+), this is:
〈δAa(~k)δAb(−~k)〉 ≈ |δA+(~k)|2∗(+)a (kˆ)(+)b (kˆ), (4.26)
with the polarization vectors as defined in section 3.1. Using (3.16), it is possible to see that
the polarization vectors obey
∗(+)a (kˆ)
(+)
b (kˆ) =
1
2
[
∆ab + iabckˆc
]
, (4.27)
then, matching with the spectrum (4.23) we can fix β = 1. It is worth to distinguish the two
different asymptotic behaviours of the two types of vector field perturbations seen before. For
electric fields and for magnetic fields we have respectively
P vab(
~k) = Avk
2α+1[∆ab + iabckˆc], and P uab(~k) = Auk
−(2α+1)[∆ab + iabckˆc]. (4.28)
To summarize, by imposing conformal symmetry, we have deduced the structure of the two
point correlator, up to amplitude factors. In order to have the complete form of the correlator,
we need the further information about the system, such as initial conditions or the asymptotic
behavior of the fields.
4.3 Three point function
Now, we consider a three point cross scalar-vector-vector correlator
〈δφ(~k1)δAi(~k2)δAj(~k3)〉 = BφAAij (~k1,~k2,~k3)δ(~k123). (4.29)
This correlator is relevant one for tracking statistical anisotropies and parity violation signals,
such as was shown in Ref. [40]. In the same way as we did for the two point function, we
can constrain this correlator by using the asymptotic conformal symmetries. First, the most
general combination of vector with indices i, j with O(3) invariance is
〈δφ(~k1)δAi(~k2)δAj(~k3)〉′ = a1δij + a2kˆ2ikˆ3j + a3kˆ3ikˆ2j + a4kˆ2ikˆ2j + a5kˆ3ikˆ3j (4.30)
+ b1ijakˆ2a + b2ijakˆ3a + b3kˆ2ijabkˆ2akˆ3b + b4kˆ3ijabkˆ2akˆ3b
+ b5kˆ2jiabkˆ2akˆ3b + b6kˆ3jiabkˆ2akˆ3b
where the am and bm functions can depend of the magnitude of the vectors km and the scalar
products of those vectors. The correlator is separated in two independent parts, a symmetric
part, composed by the am-terms and the antisymmetric part composed by the bm-terms.
Using the divergenless condition we get 2 equations: k2i〈δφ(~k1)δAi(~k2)δAj(~k3)〉 = 0 and
k3j〈δφ(~k1)δAi(~k2)δAj(~k3)〉 = 0 which gives us relations between the different terms. For the
symmetric terms we get:
a3 =
a2
(kˆ2 · kˆ3)2
− a1
(kˆ2 · kˆ3)
, a4 = a5 = − a2
(kˆ2 · kˆ3)
(4.31)
and
b1 = b5(kˆ2 · kˆ3) + b6, and b2 = b3 + b4(kˆ2 · kˆ3) (4.32)
for the antisymmetric ones. Additionally, the correlator is symmetric under the simultaneous
changes i ↔ j, k2 ↔ k3, which imply b5 = −b3 and b6 = −b4. We also have reality of the
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correlators: 〈δφ(k1)δAi(k2)δAj(k3)〉† = 〈δφ(k1)δAj(k3)δAi(k2)〉 which tell us that a1 and a2
are real, while b3 and b4 are imaginary. Finally, we define the functions I1, I2, I3, I4 such that
a1 = I1 + (kˆ2 · kˆ3)I2, a2 = (kˆ2 · kˆ3)I1, b3 = I3 and b4 = I4, so, we write the correlator as:
〈δφ(~k1)δAi(~k2)δAj(~k3)〉′ =
4∑
m=1
ImT
(m)
ij , where (4.33)
T
(1)
ij = δij − kˆ2ikˆ2j − kˆ3ikˆ3j + (kˆ2 · kˆ3)kˆ2ikˆ3j , (4.34)
T
(2)
ij = kˆ3ikˆ2j − (kˆ2 · kˆ3)δij , (4.35)
T
(3)
ij = (kˆ2a − kˆ3a)ija + (kˆ3jiab − kˆ2ijab)kˆ2akˆ3b, (4.36)
T
(4)
ij = (kˆ3a − kˆ2a)(kˆ2 · kˆ3)ija + (kˆ3ijab − kˆ2jiab)kˆ2akˆ3b. (4.37)
Additionally, contracting the identity (C.19) with kˆ2 and kˆ3, subtracting and rearranging we
realize that T (3)ij = T
(4)
ij , so, we only need the three matrices T
(1)
ij , T
(2)
ij and T
(3)
ij to determine
the form of the bispectrum. The form factors I1, I2, I3 depend of the length of the momenta
k1, k2, k3, or equivalently, of two momenta, say k2, k3 and the angle between them, this is
Im = Im(k1, k2, k3). Due to momentum conservation, we express the k1 dependence in terms
of k2 and k3, with k21 = k22 + k23 + 2~k1 · ~k2. Then, write the 3-point function as
〈δφ(~k1)δAi(~k2)δAj(~k3)〉′ =
3∑
m=1
ImT
(m)
ij (4.38)
Applying the Ward identity for dilatations we get
[
−6 + 2∆v + ∆δφ − (~k2 · ∂~k2 + ~k3 · ∂~k3)
] 3∑
m=1
ImT
(m)
ij = 0. (4.39)
From this equations and using
~ka · ∂~kaT
(m)
ij = 0,
we see that the scalar form factors are homogeneous functions of the momenta k1, k2, k3 with
degree D = 2∆v − 6, this is, the general solution for each scalar form factor is
Im = αm(k1)
2∆v+∆δφ−6g
(
k2
k1
,
k3
k1
)
, (4.40)
or, equivalently, by permuting the order of the momenta in this expression. The most general
form of the function g can be written as a series in the ratios k2/k1 and k3/k1
Im = αm(k1)
2∆v+∆δφ−6
∑
p,q
ap,q
(
k2
k1
)p(k3
k1
)q
(4.41)
with some constant coefficients ap,q. The form of the series defining the function g is con-
strained by invariance under SCT. A complete and detailed study of conformal constraints
on the scalar form factors can be found in [4, 5] for scalar operators and in [72] for scalar,
vector, and tensor operators. In these references it was found that the Ward identity associ-
ated with SCT is written as a generalized hypergeometric function of the two variables k2/k1
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and k3/k1 and the solutions for this equation are the Appell’s functions F4. The derivation
of the general solution of the SCT Ward’s identity is beyond the scope of this paper. Instead
of that, we want to have an idea of the behavior of the super horizon limit of the solutions.
To this end, we will consider the squeezed limit configuration k1 → 0 and ~k3 → −~k2. In this
limit, the mode k1 is well deep in the super horizon regime, and it dominates the behavior
of the correlator, so, we expect that our results work well in this limit. We then consider an
approximate solution compatible with dilatations and SCT up to orders suppressed at super
horizon regime. As an approximation, we consider a single term in the series expansion (4.41)
Im = αm(k1)
2∆v+∆δφ−6
(
k2
k1
)p(k3
k1
)q
. (4.42)
Applying the SCT to this scalar function[
3∑
a=2
2(∆a − 3)∂kia +Dia
]
Im = 0 (4.43)
we get the solution p = −3 + 2∆v, q = 0 (equivalently q = −3 + 2∆v, p = 0). Then, the
scalar form factors obtained is:
Im =
αm
k
3−∆δφ
1 k
3−2∆v
2
. (4.44)
In terms of the conformal weights (3.27), (3.28) of the magnetic and electric components
respectively, we can recast our result as:
I(B)m =
αm
k
3−∆δφ
1 k
1+2α
2
and I(E)m =
αm
k
3−∆δφ
1 k
−1−2α
2
. (4.45)
Putting everything together, the approximate solution for the cross correlator, which is com-
patible with super horizon conformal symmetry is written as
〈δφ(~k1)δAi(~k2)δAj(~k3)〉′ = 1
k
3−∆δφ
1 k
3−2∆v
2
[
α1
(
δij − kˆ2ikˆ2j − kˆ3ikˆ3j + (kˆ2 · kˆ3)kˆ2ikˆ3j
)
+ α2
(
kˆ3ikˆ2j − (kˆ2 · kˆ3)δij
)
+ iα3
(
(kˆ2a − kˆ3a)ija + (kˆ3jiab − kˆ2ijab)kˆ2akˆ3b
)]
. (4.46)
Up to amplitude factors, this form share the same structure with the result found in [37] for
fF 2 and [40] for f(F 2 + γF F˜ ). It is also interesting to notice that (4.46) is in agreement
with previous results found in [58, 59] in the squeezed limit, i.e. when k1 → 0. Additionally,
in our case we have an extra parity violating term I3T
(3)
ij which appears due to the presence
of the axial coupling term fF F˜ . By taking the limit k1 → 0, ~k3 → −~k2 we get
〈δφ(~k1)δAi(~k2)δAj(~k3)〉′ = 1
k
3−∆δφ
1 k
3−2∆v
2
[
(α1 + α2)
(
δij − kˆ2ikˆ2j
)
+ 2iα3kˆ2aija
]
.(4.47)
By taking α1 = α2 = α3 we obtain
〈δφ(~k1)δAi(~k2)δAj(~k3)〉′ = 2α1
k
3−∆δφ
1 k
3−2∆v
2
[(
δij − kˆ2ikˆ2j
)
+ ikˆ2aija
]
. (4.48)
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which is written as
〈δφ(~k1)δAi(~k2)δAj(~k3)〉′ ∝ k−∆δφ1 Pδφ(k1)Pij(~k2). (4.49)
The form of this expression agrees with the consistency relation derived in [58, 59]. The main
difference is that here we have an additional parity violating term coming from the coupling
fF F˜ . Nevertheless, by using this method, and within the approximations employed, we
were not able derive the suppression factor for the consistency relation, since, as we said
before, the symmetries analysis give us the form of the correlators up to amplitude factors.
In order to derive the complete expression of the correlators’s limit, we would need the initial
conditions and the precise asymptotic form of the fields which would imply to solve the
complete dynamics of the system.
The result for the squeezed limit can also be seen as a consequence of the operator product
expansion of the conformal theory which tell us that the short distance limit structure of
the correlators of a conformal field theory is completely determined by the conformal weight
of the fields. It was shown in [1, 4] that for a three point function of scalar operators, the
squeezed limit behave as
〈O(~k1)O(~k2)O(~k3)〉 ∝ k−3+∆O1 〈O(~k2)O(−~k2)〉. (4.50)
So, what we get in (4.49) is an example of the operator product expansion including scalar
and vector operators. As in the case of scalar operators, we get that the behaviour of the
short distance limit is defined by the conformal weight of the fields. In our case, the conformal
weight of the fields where derived by using the asymptotic dynamics of the fields with the
coupling (3.29) and imposing conformal invariance in this region. Relying on the operator
product expansion and on (4.49) we can argue that for N -point correlators involving scalars
and vectors coupled by the interaction term (3.29) we can derive the limit scaling expression
〈σ(~k1) · · ·σ(~ks)vi1(~ks+1) · · · viN (~kN )〉 ∝
Pσ(k1)
k∆σ1
〈σ(~k2) · · ·σ(~ks)vi1(~ks+1) · · · viN (~kN )〉. (4.51)
5 Conclusions and final remarks
In this paper we study the constraints imposed by conformal symmetry on the correlators
of an interacting theory involving a scalar and a gauge invariant vector field during inflation
with a coupling of the form f1(φ)F 2 + f2(φ)F˜F which allows for parity violation. To this
end, we exploit the relation between the de Sitter symmetry group and the conformal group
at super horizon scales. We follow the methods presented in [10] which studied the conformal
symmetry constraints of the model with interaction term f(φ)F 2 in an inflationary setup.
The term f(φ)F 2 provides a source of non diluting statistical anisotropies which is reflected
in the structure of the correlation functions of the system. Realizing that the coupling f(φ)F 2
respects conformal invariance at late times, Ref. [10] calculated the conformal weight of the
fields and then obtained the form of the correlators by solving the Ward identities associated
with conformal transformations. Following these ideas, we extend this symmetry analysis to
the model f1(φ)F 2 +f2(φ)F˜F . As a result, we found that this model is compatible with exact
conformal symmetry at the asymptotic future when the coupling functions are homogeneous
functions of the conformal time with the same degree, this is, when f2 = γf1 with constant
γ. Then, the model
f(φ)(F 2 + γF˜F ) (5.1)
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admits a conformal field theory representation at the asymptotic future. Remarkably, the
asymptotic form of the solutions of (5.1) have the same conformal weight of the f(φ)F 2 model
and with them we can derive the form of the correlators of this theory. Interestingly enough,
by using this procedure, we derived the correct form of the correlators when comparing with
the recent literature on the subject, see for instance [37] for the fF 2 model and [40] for the
f(F 2 + γF F˜ ) model. Moreover, in the squeezed limit when all the modes are in the super
horizon regime, and we were able to derive the relation (4.49) for the cross correlation of
scalar and vectors with a power law coupling to the conformal time. This result is related
with the consistency relation obtained in [58, 59] for the cross correlator in the f(φ)F 2 model.
The main shortcoming of the method followed here is that we can’t obtain the suppression
factor appearing in the squeezed limit, since, as we said before, the symmetry analysis gives
us the general structure of the correlators up to amplitude factors. If we want to obtain the
correct amplitude factors in the correlators, we need also to solve the dynamics of the system
with the appropriate initial conditions.
The formalism used here allows us to describe general characteristics and features of
the inflationary correlators relying only on the symmetries of the system as the fundamen-
tal guiding principle. As illustrative examples, we only considered here the two and three
point correlators of scalar and vectors but the formalism is, of course, applicable to general
higher rank perturbation correlators. It would be interesting to use this approach to derive
the general form of scalar, vector and tensor correlators and to derive limits such as (4.49)
involving these perturbations. This could be relevant, for instance, to have a template, or
a benching mark form for the correlators in the analysis of signatures of sourced primordial
chyral gravitational waves and CMB polarization. We expect to further investigate these
subjects elsewhere.
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A The action and the SCT
In this appendix, we will show that the action (3.29) is invariant under SCT on super-
Hubble scales. To do this we will take advantage of two the fact that the SCT is built as a
composition of three consecutive transformations: inversion → translation → inversion, they
can be written as
x′µ
x′2
=
xµ
x2
+ bµ.
On the other hand, it is easy to see that the action is invariant under translations, so we only
discuss the details of the inversions [10, 56]. By using the results of section 3.1, in particular
the result after applying the dilatations, which is summarized in Eq. (3.12), we can write the
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action, in terms of the field wi ≡
√
fAi, as:
SφA = −1
2
∫
d3xdτ
{
−w˙iw˙i − α(α+ 1)
τ2
wiw
i + ∂iwj(∂
iwj − ∂jwi)
−2γε0ijk
(α
τ
wi + w˙i
)
∂jwk
}
. (A.1)
Now, in super-Hubble scales (−τ2  |~x|2), the inversions are written as:
x′µ =
xµ
|~x|2 , (A.2)
with the Jacobian matrix and its inverse as follows
∂x′µ
∂xν
=
Jνµ
|~x|2 ,
∂xµ
∂x′ν
= |~x|2 Jµν , with J00 = 1, and J ji = δji −
2δikx
kxj
|~x|2 . (A.3)
With this, we have the transformation law for a 3-dimensional vector
w′i(x
′) = |~x|2 J ji wj(x),
and the transformation for the volume element d3x′dτ ′ =
(
|~x|2
)−4
d3xdτ , the time and spatial
derivatives: ∂′0 = |~x|2 ∂0, ∂′i = |~x|2 J ji ∂j and the Levi-Civita tensor
ε′0ijk = det
(
|~x|2 Jνµ
)
ε0ijk, with det
(
Jνµ
)
= −1,
where we have used (2.9) and (A.2) and the properties of the Levi-Civita symbol. Putting
the above expressions in (A.1) and assuming that γ is a constant7, we find that the action
changes as
S′φA = −
1
2
∫
d3x′dτ ′
{
−w˙′iw˙′i −
α(α+ 1)
τ ′2
w′iw
′i + ∂′iw
′
j(∂
′iw′j − ∂′jw′i)
− 2γε′0ijk
(α
τ ′
w′i + w˙′i
)
∂′jw′k
}
= −1
2
∫
d3xdτ
(|~x|2)4 (|~x|
2)4
{
−w˙iw˙i − α(α+ 1)
τ2
wiw
i + ∂iwj(∂
iwj − ∂jwi)
+2γε0ijk
(α
τ
wi + w˙i
)
∂jwk
}
,
where we get a minus sign in the term proportional to γ. Now, we do a translation which
leaves the action invariant and a second inversion which introduces a new minus sign in the
last term, then, the action is left invariant under special conformal transformations.
B Details of the calculation of the Ward identities
Here we show the details of the derivation of the Ward identities for dilations and SCT. For
all the calculations we apply the infinitesimal form of (2.9) to the scalar and vector fields.
Then, we do a expansion to first order in powers of the corresponding symmetry generators
and then we build the correlators and their equations in coordinate space. Finally, we go to
Fourier space and demand symmetry invariance to derive the corresponding Ward identities.
7Actually, if γ is not a constant, then the action is not invariant.
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B.1 Dilatations
B.1.1 Dilations 2-point function Ward identities
Applying an infinitesimal change of coordinates, such as x′i = xi + λxi, the conformal trans-
formation (2.9) for a vector field up to first order in λ is:
v′i(~x
′) =
∣∣∣∣ ∂x′l∂xm
∣∣∣∣
1−∆v
d ∂xj
∂x′i
vj(~x) ' (1 + (n−∆− 1)λ)δji . (B.1)
Which allow us to write the variation of the field as:
δλvi(~x) = v
′
i(~x)− vi(~x) ' −λ(∆ + xk∂k)vi(~x), (B.2)
and then the variation of the two point correlator:
δλ〈vi(~x1)vj(~x2)〉 = −λ
2∑
a=1
(
∆ + xla
∂
∂xla
)
〈vi(~x1)vj(~x2)〉. (B.3)
Going to Fourier space and after some algebra, the above expression reads:
δλ〈vi(~x1)vj(~x2)〉 =
∫
d3k1
(2pi)3
d3k2
(2pi)3
ei(~x1·~k1+~x2·~k2)δλ〈vi(~k1)vj(~k2)〉 (B.4)
= −λ
∫
d3k1
(2pi)3
d3k2
(2pi)3
ei(~x1·~k1+~x2·~k2)δ(~k1 + ~k2)
[
−3 +
2∑
a=1
(
∆− ~ka · ∂
∂~ka
)]
〈vi(~k1)vj(~k2)〉′,
which result in the next Ward identity:
δλ〈vi(~k)vj(−~k)〉′ = −λ
[
−3 + 2∆− ~k · ∂
∂~k
]
〈vi(~k)vj(−~k)〉′ . (B.5)
B.1.2 Dilations 3-point function Ward identities
In this section we calculate theWard identity for a 3-point correlator of the form 〈φ(~x1)vi(~x2)vj(~x3)〉.
The infinitesimal conformal transformation for dilations for scalar and vector fields, this is
φ′(~x′) ' φ(~x)−λ(∆φ + xk∂k)φ(~x) and v′i(~x′) ' vi(~x)−λ(∆v + xk∂k)vi(~x) , allow us to write
the variation of the three point function as:
δλ〈φ′(~x′1)v′i(~x′2)v′j(~x′3)〉 = − λ(∆φ + 2∆v +
3∑
l=1
xkl
∂
∂xkl
)〈φ(~x1)vi(~x2)vj(~x3)〉 . (B.6)
Now, doing the Fourier transforms of the fields φ(~x) = 1(2pi)
∫
d3kφ˜(~k)ei
~k·~x and vi(~x) =
1
(2pi)
∫
d3kv˜i(~k)e
i~k·~x, the Fourier transformation of (B.6) is written as:
1
(2pi)2
∫
d3k2d
3k3e
i~k2·(~x2−~x1)+i~k3·(~x3−~x1)δλ〈φ˜v˜iv˜j〉′ =
− λ 1
(2pi)2
∫
d3k2d
3k3e
i~k2·(~x2−~x1)+i~k3·(~x3−~x1)
(
−6 +
3∑
m=1
∆m + k
l
2
∂
∂kl2
+ kl3
∂
∂kl3
)
〈φ˜v˜iv˜j〉′ ,
(B.7)
which allow us to write the corresponding Ward identity for the 3 point function as
δλ〈φ˜(~k1)v˜i(~k2)v˜j(~k3)〉′ =
(
−6 +
3∑
m=1
∆m + k
l
2
∂
∂kl2
+ kl3
∂
∂kl3
)
〈φ˜(~k1)v˜i(~k2)v˜j(~k3)〉′ . (B.8)
– 21 –
B.2 SCT
B.2.1 SCT 2-point function
By using the infinitesimal SCT, δxi = x2bi − 2xi(~x ·~b), the transformation (2.9) for a vector
vi(~x) up to first order in ~b is
v′i(~x
′) = vi(~x)− 2Mai (~x)va(~x) + 2∆v(~x ·~b)vi(~x′)− δxa∂avi(~x′) , (B.9)
where we have used the fact that, in this case, ∂x′i/∂xj ' δij + 2M ij − 2δij(~x · ~b) and then∣∣∂x′i/∂xj∣∣ r−∆nd ' (1− 6(~x ·~b)) r−∆nd ' 1− 6 (r−∆n)d (~x ·~b) with M ij = xjbi − xibj . With this,
and using (B.9), the two-point correlation function is:
δb〈vi(~x1)vj(~x2)〉 = −2Mai (~x1)〈va(~x1)vj(~x2)〉+2∆v(~x1·~b)〈vi(~x1)vj(~x2)〉−δxa1
∂
∂xa1
〈vi(~x1)vj(~x2)〉−
− 2Maj (~x2)〈vi(~x1)va(~x2)〉+ 2∆v(~x2 ·~b)〈vi(~x1)vj(~x2)〉 − δxa2
∂
∂xa2
〈vi(~x1)vj(~x2)〉 . (B.10)
and in Fourier space,∫
d3k1d
3k2e
i(~k1·~x1+~k2·~x2)δb〈v˜i(~k1)v˜j(~k2)〉 =
∫
d3k1d
3k2 [
− 2Mai (~x1)〈v˜a(~k1)v˜j(~k2)〉+ 2∆v(~x1 ·~b)〈v˜i(~k1)v˜j(~k2)〉 − δxa1
∂
∂xa1
〈v˜i(~k1)v˜j(~k2)〉−
−2Maj (~x2)〈v˜i(~k1)~va(~k2)〉+ 2∆v(~x2 ·~b)〈v˜i(~k1)v˜j(~k2)〉 − δxa2
∂
∂xa2
〈v˜i(~k1)v˜j(~k2)〉
]
ei(
~k1·~x1+~k2·~x2) .
(B.11)
Now, we will use the fact that
∂
∂klp
ei(
~k1·~x1+~k2·~x2) = ix(p)lei(
~k1·~x1+~k2·~x2),
∂
∂xlp
ei(
~k1·~x1+~k2·~x2) = ik(p)lei(
~k1·~x1+~k2·~x2), (B.12)
where p = 1, 2 and integration by parts in just one line in the RHS of (B.11), knowing, that
the other line can be computed by changing 1↔ 2. Each one of the terms in the first line of
the RHS of (B.11) are written as:
ei(
~k1·~x1+~k2·~x2)2∆v(~x1 ·~b)〈v˜i(~k1)v˜j(~k2)〉 = 2iei(~k1·~x1+~k2·~x2)∆v(bl ∂
∂kl1
)〈v˜i(~k1)v˜j(~k2)〉 ,
−2Mai (~x1)〈v˜a(~k1)v˜j(~k2)〉ei(~k1·~x1+~k2·~x2) = −2iei(~k1·~x1+~k2·~x2)M˜ai 〈v˜a(~k1)v˜j(~k2)〉 ,
−ei(~k1·~x1+~k2·~x2)δxa1
∂
∂xa1
〈v˜i(~k1)v˜j(~k2)〉 = iei(~k1·~x1+~k2·~x2)
[
(~k1 · ~k1)δal ∂
∂ka1
∂
∂kl1
− 2ka1
∂
∂ka1
bl
∂
∂kl1
−6ba ∂
∂ka1
]
〈v˜i(~k1)v˜j(~k2)〉 . (B.13)
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where M˜ai = b
a ∂
∂ki1
− bi ∂∂k(1)a . Follow the same procedure for the second line of the RHS of
(B.11) one found that this equation can be written as:∫
d3k1d
3k2e
i(~k1·~x1+~k2·~x2)δb〈v˜i(~k1)v˜j(~k2)〉 = i
∫
d3k1d
3k2e
i(~k1·~x1+~k2·~x2)
[ 2(∆v − 3)(bl ∂
∂kl1
) + (~b · ~k1)δal ∂
∂ka1
∂
∂kl1
− 2ka1
∂
∂ka1
bl
∂
∂kl1
+
+2(∆v − 3)(bl ∂
∂kl2
) + (~b · ~k2)δal ∂
∂ka2
∂
∂kl2
− 2ka2
∂
∂ka2
bl
∂
∂kl2
]
〈v˜i(~k1)v˜j(~k2)〉
− 2
[(
ba
∂
∂ki1
− bi ∂
∂k(1)a
)
〈v˜a(~k1)v˜j(~k2)〉+
(
ba
∂
∂kj2
− bj ∂
∂k(2)a
)
〈v˜i(~k1)v˜a(~k2)〉
]
. (B.14)
Now, recalling that 〈v˜i(~k1)v˜a(~k2)〉 = δ(~k12)〈v˜i(~k1)v˜a(~k2)〉′, and taking into account that the
correlators are invariant under dilatations and are covariant under rotations, the operator in
front of each 〈v˜i(~k1)v˜a(~k2)〉 does not affect the delta function. Then we have∫
d3k1d
3k2δ(~k1 + ~k2)e
i(~k1·~x1+~k2·~x2)δb〈v˜i(~k1)v˜j(~k2)〉′ = i
∫
d3k1d
3k2δ(~k1 + ~k2)e
i(~k1·~x1+~k2·~x2)
[ 2(∆v − 3)(bl ∂
∂kl1
) + (~b · ~k1)δal ∂
∂ka1
∂
∂kl1
− 2ka1
∂
∂ka1
bl
∂
∂kl1
+
+2(∆v − 3)(bl ∂
∂kl2
) + (~b · ~k2)δal ∂
∂ka2
∂
∂kl2
− 2ka2
∂
∂ka2
bl
∂
∂kl2
]
〈v˜i(~k1)v˜j(~k2)〉′
− 2
[(
ba
∂
∂ki1
− bi ∂
∂k(1)a
)
〈v˜a(~k1)v˜j(~k2)〉′ +
(
ba
∂
∂kj2
− bj ∂
∂k(2)a
)
〈v˜i(~k1)v˜a(~k2)〉′
]
.
(B.15)
Finally, evaluating the delta functions and renaming ~k1 = ~k, ~k = −~k2, we get∫
d3kei
~k·(~x1−~x2)δb〈v˜i(~k)v˜j(−~k)〉′ =
i
∫
d3kei
~k·(~x1−~x2)
{[
4(∆v − 3)(bl ∂
∂kl
) + 2(~b · ~k)δal ∂
∂ka
∂
∂kl
− 4ka ∂
∂ka
bl
∂
∂kl
]
〈v˜i(~k)v˜j(−~k)〉′
−2
(
ba
∂
∂ki
− bi ∂
∂ka
)
〈v˜a(~k)v˜j(−~k)〉′ − 2
(
ba
∂
∂kj
− bj ∂
∂ka
)
〈v˜i(~k)v˜a(−~k)〉′
}
. (B.16)
and conclude that if the two point correlator is invariant under SCT it must satisfy:[
4(∆v − 3)(bl ∂
∂kl
) + 2(~b · ~k)δal ∂
∂ka
∂
∂kl
− 4ka ∂
∂ka
bl
∂
∂kl
]
〈v˜i(~k)v˜j(−~k)〉′
−2
(
ba
∂
∂ki
− bi ∂
∂ka
)
〈v˜a(~k)v˜j(−~k)〉′ − 2
(
ba
∂
∂kj
− bj ∂
∂ka
)
〈v˜i(~k)v˜a(−~k)〉′ = 0 . (B.17)
B.2.2 SCT 3-point function
The procedure to derive the Ward identity for SCT for the 3-point correlator is the same as
in Sec. B.2.1 for the 2-point correlator until Eq. (B.14). After (B.14), we need to see the
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action of the operators on the delta function. It easy to check that if the correlator satisfy
the dilatation Ward identity and
3∑
n=1
(
k(n)l
∂
∂kan
− k(n)a
∂
∂kl(n)
)
〈φ(~k1)vi(~k2)vj(~k3)〉′
− δia〈φ(~k1)vl(~k2)vj(~k3)〉′ + δil〈φ(~k1)va(~k2)vj(~k3)〉′
− δaj〈φ(~k1)vi(~k2)vl(~k3)〉′ + δlj〈φ(~k1)vi(~k2)va(~k3)〉′ = 0 , (B.18)
the delta function is not affected by the operators. The later equation is related to rotation
covariance and spin invariance [3]. Taking this into account, the corresponding equation
(B.15) is∫
Dk
(2pi)
9
2
ei
~kn·~xnδ(~k123)δ~b〈φ(~k1)vi(~k2)vj(~k3)〉′ =∫
Dk
(2pi)
9
2
ei
~kn·~xnδ(~k123)
{
3∑
a=1
[2(∆v − 3)(~b · ~∂a) + (~b · ~ka)∇2a − 2(~ka · ~∂a)(~b · ~∂a)]〈φ(~k1)vi(~k2)vj(~k3)〉′
−2[bl∂2i − bi∂2l]〈φ(~k1)vl(~k2)vj(~k3)〉′ − 2[bl∂3j − bj∂3l]〈φ(~k1)vi(~k2)vl(~k3)〉′
}
, (B.19)
where Dk = d3k1d3k2d3k3 and n = 1, 2, 3. Finally, we can see that if the 3-point function is
invariant under SCT, then the correlator must satisfy
3∑
a=1
[
2(∆a − 3)∂kna + kna∇2a − 2~ka · ~∂a∂kna
]
〈φ(~k1)vi(~k2)vj(~k3)〉′
−2[δln∂2i − δni∂2l]〈φ(~k1)vl(~k2)vj(~k3)〉′ − 2[δln∂3j − δjn∂3l]〈φ(~k1)vi(~k2)vl(~k3)〉′ = 0. (B.20)
C Some useful identities and properties
C.1 Derivatives of the two point function
The following identities are useful to evaluate the Ward identities for the two point function:
ka∆ab = kaΠab = 0, ∆ab∆bc = ∆ac, ∆aa = 2 (C.1)
∂af(k) = f
′(k)kˆa, ∂akˆb =
1
k
∆ab, ∂a∆bc = −1
k
(∆abkˆc + ∆ackˆb) (C.2)
ka∂a∆bc = 0, kb∂a∆bc = −∆ac, (C.3)
For the calculation of the Ward identity of SCT we need the first and second derivative of
the two point function. Using the form of the power spectrum (4.18) we find:
∂iPlm = p
kˆi
k
Plm +
kp
k
[
−α(∆ilkˆm + ∆imkˆl) + iβlmc∆ic
]
(C.4)
∂j∂iPlm = (p− 1)
(
p
kˆj kˆi
k2
Plm +
kˆj
k2
kp
[
−α(∆ilkˆm + ∆imkˆl) + iβlmc∆ic
])
(C.5)
+ α
kp
k2
[
p∆ji∆lm −∆jm∆il −∆jl∆mi + 2kˆlkˆm∆ji − (p− 1)
(
kˆikˆm∆jl + kˆikˆl∆jm
)]
+ iβ(p− 1)k
p
k2
lmc
[(
∆jikˆc + ∆jckˆi
)]
.
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With this expressions we find the different contractions of the first and second derivatives:
∂iPim = ∂iPmi = −2αk
p
k
kˆm. (C.6)
∇2Plm = (p+ 2)(p− 1) 1
k2
Plm + α
kp
k2
4kˆlkˆm (C.7)
~k · ∇∂iPlm = (p− 1)pkˆi
k
Plm + (p− 1)1
k
kp
[
−α(∆ilkˆm + ∆imkˆl) + iβlmc∆ic
]
. (C.8)
C.2 Derivatives of the 3-point function
Here we compute the derivatives of the matrices T (n)ij with respect to k2. The derivatives with
respect to k3 are obtained by changing k2 ↔ k3 and i ↔ j whenever the indices are out of
the matrices:
∂(2)lT
(1)
ij =
∂
∂kl2
T
(1)
ij = −
1
k2
[
kˆ2iT
(1)
lj + kˆ2a∆(3)aj∆(2)il
]
, (C.9)
∂(2)lT
(2)
ij = (kˆ3aδij − kˆ3iδaj)
∆(2)la
k2
, (C.10)
∂(2)lT
(3)
ij =
∆(2)al
k2
[
−ija + δiajcbkˆ2ckˆ3b + (kˆ2ijab − kˆ3jiab)kˆ3b
]
, (C.11)
here we notices that k2a∂(2)aT
(n)
ij = 0, since k2i∆(2)ia = 0. The 2nd derivatives of T
(n)
ij are:
∂(2)m∂(2)lT
(1)
ij = −
kˆ2m
k2
∂(2)lT
(1)
ij −
1
k2
[
∆(2)mi
k2
T
(1)
lj +
∆(2)il
k2
T
(1)
mj + kˆ2a∆(3)aj∂(2)m∆(2)il
]
,
(C.12)
∂(2)m∂(2)lT
(2)
ij = (kˆ3aδij − kˆ3iδaj)
[
∂(2)m∆(2)la
k2
− kˆ2m∆(2)la
k22
]
, (C.13)
∂(2)m∂(2)lT
(3)
ij =
(
∂(2)m∆(2)al
k2
− kˆ2m∆(2)al
k22
)[
−ija + δiajcbkˆ2ckˆ3b + (kˆ2ijab − kˆ3jiab)kˆ3b
]
,
+
∆(2)al
k22
[
δiajcb∆(2)cmkˆ3b + ∆(2)mijabkˆ3b
]
. (C.14)
Finally, their contractions are:
∂(2)m∂(2)mT
(1)
ij = −
2
k22
[
T
(1)
ij − kˆ2ikˆ2a∆(3)aj
]
, (C.15)
∂(2)m∂(2)mT
(2)
ij = −2
T
(2)
ij
k22
, (C.16)
∂(2)m∂(2)mT
(3)
ij = −
2
k22
[
T
(3)
ij + 2kˆ2ijabkˆ2akˆ3b
]
, (C.17)
and
k2m∂(2)m∂(2)lT
(m)
ij = −∂(2)lT (m)ij . (C.18)
– 25 –
C.3 A useful identity
The following identity results useful for dealing with the antisymmetric part of the correlators:
mli = (mcikˆl + clikˆm + mlckˆi)kˆc. (C.19)
This identity can be checked by contracting with kˆi, kˆl and kˆm or by directly calculating the
components for m, l, i = {1, 2, 3}. This identity holds for any unitary vector kˆ. Contracting
with the vectors kˆ2 and kˆ3 we get:
kˆ2mmli = (kˆ2mmcikˆ3l + cli(kˆ2 · kˆ3) + kˆ2mmlckˆ3i)kˆ3c (C.20)
kˆ3mmli = (kˆ3mmcikˆ2l + cli(kˆ2 · kˆ3) + kˆ3mmlckˆ2i)kˆ2c (C.21)
which after subtracting and after some rearranging allows us to see that T (3)ij = T
(4)
ij .
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